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The Dirac Equation in Hamiltonian and Lagrangian form for an electron of mass m is written as:

To satisfy Lorenz invariance, the wave functions and operators are four dimensional.
That is, in general:
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The first step is to note mass term in the Lagrangian. For a massless particle, the
Lagrangian can be written as:

ψγψ µµ∂= iL

Because the neutrino has mass, we must now include the mass term in the Lagrangian
That describes the electro-weak interaction. We must also account for the fact that nature
Provides us with a left handed Dirac neutrino and a right handed Dirac anti-neutrino. This
Really needs a discussion of parity conservation and the V-A theory, but we’ll just assume
All of that for this discussion. The Lagrangian mass terms for the Dirac neutrino then
take the form:

0;0;)(D ==+−=−=

+=+=

RRLLRLLRDD

RLRL

mm νννννννννν

νννννν

L



( ) ( )

)(
2
1)(

2
1)(

2
1)(

2
1

:four termsofsumagetweterms,MajoranaandDiracthecombineweWhen

;)(
2
1

;)(
2
1

:LagranginEWtheintotermsmassnewintroducesThis

neutrino-antiitsasparticlesametheisneutrinothat thestatesconditionMajoranaThe

'
particle.theofspinandchargetherevesingchanging

byfunctionwaveparticleantitheit tochangewillfunctionwaveparticleaonoperatingC
C

:asdefinedisoperatornconjugatiochargeThe

DMD

*0

102

1T

c
LLL

c
LR

c
RRR

c
RRRLLRDRLLRD

M
R

M
L

c
RL

c
RRR

c
RR

M
R

c
LR

c
LLL

c
LR

M
L

c
RL

c
LR

L
TT

L
c
L

T

mmmm

m

m

CC

CCCiC

C

νννννννννννννννν

νννννν

νννννν

νν

νν

νγνν

γγ

γγ µµ

+−+−+−+−

=++=

=+−=

=+−=

=

=

==

−=−=−==

−=

+

−

−

LLLL

L

L



( )

( ) TTTT

TT

L

L
Lc

R

L

RD

DL
L

c
L

c
R

L

RD

DL
R

c
L

M
R

M
L

c
RL

c
RRR

c
RR

M
R

c
LR

c
LLL

c
LR

M
L

RRLLRLLRDD

U

U

MUU

Un
mm
mm

MNN

mm
mm

m

m

mm

=






 −
=








=







 −
=

=







−

=







=








−

=

=









==








=








=−=

















−=++=

=+−=

=+−=

==+−=−=

+

+

θρθρ
θρθρ

ρρ
ρ

ρ
ρ

θθ
θθ

θρθρ
θρθρ

ρ
ρ

ρ
ρ

θθ
θθ
ρρ

ν
ν

ν
ν

ρ
ν
ν

νν

νννννν

νννννν

νννννννννν

cossin
sincos

0
0

cossin
sincos

cossin
sincos

0
0

cossin
sincos

matrix.mixingmassunitaryaisU;M

nNM;

:andUintroducewematrixmassthisediagonalizTo
2
1

;)(
2
1

condition.MajoranatheisThis;)(
2
1

neutrino.-antiitsasparticlesametheisneutrinothat thestatesconditionMajoranaThe
0;0;)(

21

21T

2

1T

21

21

2

1

T

2

1
LL

MD

DMD

D

OOO

OO

OO

L

LLLL

L

L

L



( ) ( )

( ) 















=








=









++=

==

+++=










+
+

=















=

L

L

RD

DLT
LL

L

L
c
R

L

c
RRRLDRLL

c
L

c
LR

c
RL

c
RRRLDR

c
RD

c
LLL

c
L

c
RRLD

c
RDLL

R
c
Lc

R

L

RD

DL
R

c
L

U
mm
mm

UU

mmm

mmmm

mm
mm

mm
mm

2

1
21

2

1 :Then:Let

)
2
1

2
1

)(
2
1

2
1

2
1

ν
ν

νν
ν
ν

ν
ν

νννννν

νννν

νννννννν

νν
νν

νν
ν
ν

νν

L

L

L

To diagonalizable the mass matrix:









=









2

1

0
0
m

m
U

mm
mm

U
RD

DLT



22

2

2
2

2
22

2
2

2
2

2
2
1

1

22
21

22
21

2
222

2

1
222

1

112112

221221

2222222

1111111

222222112112

221221111111

2211

2211

22

11

21

21

22

11

2

1

4)(
)(

1
12cos

1
2cos

1
2cos
2sin2tan

22tan)3(

02tan
2

2tan
2

)3(

02sin
2

2cos2sin
2

)3(

)4()3(

)()2()1(

0}cossin)sin(coscossin{)4(

0}cossin)sin(coscossin{)3(

)}cossincos2sin{)2(

}sinsincos2cos{)1(

0)sincos(cos)sincos(sin)4(
0)cossin(sin)cossin(cos)3(

)cossin(cos)cossin(sin)2(
)sincos(sin)sincos(cos)1(

)cossin(cos)cossin(sin)sincos(cos)sincos(sin
)cossin(sin)cossin(cos)sincos(sin)sincos(cos

cossinsincos
cossinsincos

cossin
sincos

cossin
sincos

cossin
sincos

0
0

DLR

LR

LR

D

R
D

L

R
D

L

RL

RDL

RDL

RDL

RDL

RDDL

RDDL

RDDL

RDDL

RDDLRDDL

RDDLRDDLT

RDRD

DLDLT

RD

DLT

mmm
mm

x

x

x
mm

m

mmm

mmm

mmmm

mmm
mmm
mmmm
mmmm

mmmm
mmmm

mmmmm
mmmmm

mmmmmmmm
mmmmmmmm

MUU

mmmm
mmmm

MUU

mm
mm

m
m

MUU

+−
−=

+
=

=−==

=
−

=⇒

=−+

=−+

=

+=+⇒+

=−−+

=−−+

=++

=+−

=−+−
=+−+
=+++

=−−−









+++−+−
+−+−−−

=









+−
+−








 −
=









−
















 −
=







=

θ

θθ
θθ

θ

θθ

θθθ

ρρ

θθθθθθρρ

θθθθθθρρ

θθθθρ

θθθθρ

θρθρθρθρθρθρ
θρθρθρθρθρθρ
θρθρθρθρθρθρ

θρθρθρθρθρθρ

θρθρθρθρθρθρθρθρθρθρθρθρ
θρθρθρθρθρθρθρθρθρθρθρθρ

θρθρθρθρ
θρθρθρθρ

θρθρ
θρθρ

θρθρ
θρθρ

θρθρ
θρθρ



θθθ

θθθθ

θθθθθ

θθ

θθ
θθ

θ

θθ

θθθ

ρρ

θθθθθθρρ

θθθθθθρρ

θθθθρ

θθθθρ

cossin22sin
2

2cos1sin;
2

2cos1cos

sin211cos2sincos2cos

4)(
4

1
2sin;

4)(
)(

1
12cos

1
2cos

1
2cos
2sin2tan

22tan)3(

02tan
2

2tan
2

)3(

02sin
2

2cos2sin
2

)3(

)4()3(

)()2()1(

0}cossin)sin(coscossin{)4(

0}cossin)sin(coscossin{)3(

)}cossincos2sin{)2(
}sinsincos2cos{)1(

22

2222

22

2

2
2

22

2

2
2

2
22

2
2

2
2

2
2
1

1

22
21

22
21

2
222

2

1
222

1

=

−=+=

−=−=−=

+−
=

+
=

+−
−=

+
=

=−==

=
−

=⇒

=−+

=−+

=

+=+⇒+

=−−+

=−−+

=++

=+−

DLR

D

DLR

LR

LR

D

R
D

L

R
D

L

RL

RDL

RDL

RDL

RDL

mmm
m

x
x

mmm
mm

x

x

x
mm

m

mmm

mmm

mmmm

mmm
mmm
mmmm
mmmm



( )

( ) 22
2
2

2

2
2

2
22

2

22

2

2
2

2
2222

2
2

2

2
2

2

2
2

222

22

22

22

2
2

2
2
1

1

2
222

2

1
222

1

4)(2)2(

2
4)(

4
4)(

)()2(

24)(
2

4)(
)(

2
)()2(

2
2sin

2
2cos)()2(

2
12cos2sin

2
2cos1)2(

cossincos2sin)2(

2
12coscos;

2
2cos1sin

4)(
22sin

4)(
)(2cos

)()2()1(

)}cossincos2sin{)2(

}sinsincos2cos{)1(

DLRLR

LR
DLR

D

DLR

LR

LR

DLR

D
D

DLR

LRLR

LR
DLR

RDL

RDL

DLR

D

DLR

LR

RL

RDL

RDL

mmmmmm

mmm
mmm

m
mmm

mm

mmm
mmm

mm
mmm

mmmm

mmmmmm

mmmm

mmmm

mmm
m

mmm
mm

mmmm

mmmm
mmmm

+−++=

=++
+−

+














+−

−

=





 ++

+−
+














+−

−−

=





 +++






−

=





 +++






 −

=++

+=−=

+−
=

+−

−=

+=+⇒+

=++

=+−

ρ

ρ

ρ

ρ
θ

θ
ρ

θ
θ

θ
ρ

θθθθ

θθθθ

θ

θ

ρρ

θθθθρ

θθθθρ

( )

( )

( ) 22
2
1

1

22

22

2
1

1

2
1

1
22

2

22

2

2
1

1
2222

2
1

1

2
1

1

2
1

122

4)(2)1(

4)(
4)(2)1(

2
4)(

4
4)(

)()1(

24)(
2

4)(
)(

2
)()1(

2
2sin

2
2cos)()1(

2
2cos12sin

2
12cos)1(

sinsincos2cos)1(

DLRLR

DLR

DLR
LR

LR
DLR

D

DLR

LR

LR

DLR

D
D

DLR

LRRL

LR
DRL

RDL

RDL

mmmmmm

mmm
mmmmmm

mmm
mmm

m
mmm

mm

mmm
mmm

mm
mmm

mmmm

mmmmmm

mmmm

mmmm

+−−+=















+−

+−
−+=

=++
+−

−














+−

−−

=





 ++

+−
−














+−

−−

=





 ++−






−

=





 −+−






 +

=+−

ρ

ρ

ρ

ρ

ρ
θθ

ρ
θθθ
ρ

θθθθ



{ }









≈

≈

=
















−

−=

















−

+=

















−

+−±+=

>>+













−
+−±+=

+−±+=

R

D

R

LR

D
L

LR

D
R

LR

D
LRLR

DLR

LR

D
LRLR

DLRLR

m
mm

mm

mm
mmm

mm
mmm

mm
mmmmmm

mmm

mm
mmmmmm

mmmmmm

2

2

1

1,2

2
2
22

2
2
11

2

22
2,1

2,1

2

22
2,1

2,1

22
2

2,1
2,1

1andexistnotmustneutrinomajoranahandedleftThe

)(

)(

)(2
41)()(

2

:then2if

)
)(

41)()(
2

)4)()(
2

ρ

ρ

ρ

ρ

ρ

ρ


